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Abstract
An alternative approach to decoherence, named non-dynamical decoherence is
developed and used to resolve the quantum measurement problem. According to
decoherence, the observed system is open to a macroscopic apparatus(together with
a possible added environment) in a quantum measurement process. We show that
this open system can be well described by an “almost” quotient Hilbert space formed
phenomenally according to some stability conditions. A group of random phase
unitary operators is introduced further to obtain an exact quotient space for the
observed system. In this quotient space, a density matrix can be constructed to give
the Born’s probability rule, realizing a (non-dynamical) decoherence. The concept
of the (“almost”) quotient space can also be used to explain the classical properties
of a macroscopic system. We show further that the definite outcomes in a quantum
measurement are mainly caused by the “almost” quotient space of the macroscopic
apparatus.
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1 Introduction
Quantum measurement is an important problem to understand quantum mechanics, in
particular it is significant to reconcile the microscopic quantum world with the macroscopic
classical world perceived by us. The key distinction is the superposition principle in
quantum mechanics, which says that any linear combination of a system’s states are still a
possible state of that system. But this principle seems not to be suitable for the ordinary
macroscopic systems perceived by us. For example in a measurement, the outcomes that
the apparatus records must be definite, not a superposition of them, indicating that the
state of the observed system will also become definite after the measurement, i.e. the
problem of definite outcomes. In the familiar Copenhagen Interpretation, this is explained
by a so called “state collapse” of the observed system, a mysterious explanation1.
1In the Copenhagen Interpretation, the “state collapse” is regarded to be a physical process that occurs
instantaneously, which violates the principle of locality. In the view of dynamical decoherence, there is a
decoherence time so that the “state collapse” occurs not instantaneously. In our approach, however, the
“state collapse” is not a physical process, but only a coarse grained description.
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Another explanation is provided by quantum decoherence [1, 2]. The key idea is that
realistic quantum systems are never isolated, but are immersed in the surrounding envi-
ronment and interact continuously with it. Then, “decoherence is caused by the inter-
action with the environment which in effect monitors certain observables of the system,
destroying coherence between the pointer states corresponding to their eigenvalues” [1]. An
environment-induced superselection or einselection scheme [3] has been developed to han-
dle the measurement problem2, saying that the apparatus’s pointer states are determined
or selected by the form of the interaction between the apparatus and its environment.
The einselection is briefly as follows. Suppose the observed system’s initial state is
α|S1〉+β|S2〉. After a measurement, we obtain a correlated state for the combined system-
apparatus
α|S1〉|A1〉+ β|S2〉|A2〉. (1)
There is a basis ambiguity that we can rewrite the above correlated state in any other basis,
the so called preferred-basis problem. For example, we could combine the apparatus’s states
{|A1〉, |A2〉} linearly to obtain another couple {|A′1〉, |A′2〉} so that the corresponding states
for the system {|S ′1〉, |S ′2〉} may not be the eigenstates of the measured observable. This
is possible in principle due to the superposition principle. The einselection scheme tries
to resolve this problem by coupling the apparatus with an environment, obtaining a more
correlated state
α|S1〉|A1〉|E1〉+ β|S2〉|A2〉|E2〉. (2)
Moreover, a stability criterion [OˆA, HˆA,E] = 0 was suggested by Zurek [3] so that the
system-apparatus correlations are left undisturbed by the subsequent formation of cor-
relations with the environment, i.e. there is a preferred apparatus observable. Then
provided 〈E1|E2〉 ' 0, a reduced density matrix for the system-apparatus can be obtained
by performing a partial trace over the environment’s space
|α|2|S1〉〈S1||A1〉〈A1|+ |β|2|S2〉〈S2||A2〉〈A2|, (3)
which is a statistical ensemble with definite outcomes, realizing the Born probability rule
for the observed system. Although the einselection scheme gives the required results in
Eq. (3), there are still some problems with this scheme, for example the method to obtain
the Born rule seems to be a circular argument [1, 2]. A more detailed discussion including
a comparison between our approach and the einselection scheme, will be given in Sec. 6.
2There are also some other attempts to the quantum measurement problem. Since our approach is
according to the concept of decoherence, we restrict our discussions only within this attempt, in which
einselection is one particular representative scheme.
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For a large closed system, suppose one small portion or subsystem is singled out to be
studied or observed, then the rest subsystems can serve as an environment. More precisely,
these can be expressed as
Ht = HS ⊗HE, (4)
with Ht, HS and HE the Hilbert spaces of the total closed system, the studied system and
the environment respectively. The evolution of the studied system can be described by a
superoperator [4], obtained from some total evolution Uˆt by tracing over the environment’s
space. This gives a coarse grained description to the studied system. Moreover, the
quantum information stored in the correlations with the environment may be “lost” in the
following way. The full reduced density matrix in Eq. (3) in fact has a factor 〈Ei(t)|Ej(t)〉,
where the time denotes an explicit dynamical evolution. When i = j, this factor can be
assumed to be one according to normalization of the states. While the remaining factor
〈E1(t)|E2(t)〉 may be related to a so called decoherence function Γ12(t) [5]
|〈E1(t)|E2(t)〉|2 = exp Γ12(t), Γ12(t) ≤ 0. (5)
This decrease or decay leads to the orthogonality condition 〈E1|E2〉 ' 0, realizing the
statistical ensemble in Eq. (3). This kind of dynamical decoherence is found to occur
in some controlled models [5], where the environment is usually assigned to be thermal
or possess some randomness. In this sense, the environment seems to be more classical,
violating the Everettian picture [6] in which only quantum unitary dynamics occur in a
closed system [7]. This can also be seen directly via the decay term in Eq. (5) that gives
some kind of non-unitary dynamical evolutions. The non-unitary dynamical evolution can
also occur in the mast equation [4], which is derived through a Markovian approximation
that ignores the feedback from the studied system to its environment. This means that
this kind of approximation is not consistent with the Everettian picture. In Sec. 2, we will
introduce a random phase approximation that can be described in a way consistent with
the Everettian picture.
The information is actually not lost from the view of the total closed system within
the Everettian picture. To demonstrate this fact, we’d better to always work on the total
Hilbert space Ht. Then how to obtain a coarse grained description of the studied system
without partially tracing over the environment’s degrees of freedom? Recall that the total
Hilbert space is closed under all the unitary transformations, which can be roughly divided
into two classes: one class contains non-dynamical representation transformations that are
similar to coordinate transformations; while the other one contains all the dynamical
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unitary evolutions. Those representation transformations can be neglected by choosing
a particular representation or gauge. After that, we can just consider the dynamical
evolutions. For a closed system, its relevant space can be ergodic from one particular
state under all the evolutions that are commutative with the Hamiltonian. In this way,
the total Hilbert space is coarse grained into some constant energy hypersurfaces under
the “detection” of those evolutions. That is, if we apply a smaller subset of evolutions
satisfying some given condition, the fine structure of the total Hilbert space may not be
“detected” so that only a coarse grained description can be obtained. In this paper, we
shall show that both a quantum measurement process and a macroscopic system can be
described in this way, without using a partial trace.
The paper is organized as follows. In Sec. 2.1, an “almost” quotient space is formed to
describe a particular open system, an observed system open to a measurement apparatus.
This “almost” quotient space and a following random phase approximation given in Sec. 2.2
provide a coarse grained description to the observed system, realizing a non-dynamical de-
coherence. Then in Sec. 2.3, a group of random phase unitary operator is introduced to
obtain an effective quotient space to describe the observed system. In that quotient space,
the superposition principle is not proper, and a density matrix for a statistical ensemble is
obtained to give the Born rule. A two-dimensional example, the Stern-Gerlach experiment
is analyzed in Sec. 3 to give a first look at a measurement process. After that, we give a
mechanism for structure formation of a macroscopic system, also by forming an “almost”
quotient space, so that the macroscopic system’s states behave more classically. A general
description of a quantum measurement process is proposed in Sec. 5, with the problem of
the Schro¨dinger’s cat also resolved by treating it as a particular measurement problem. A
general comparison between our non-dynamical decoherence and the dynamical decoher-
ence (or the einselection scheme) is given in Sec. 6. Finally, in Sec. 7, we summarize our
results and draw some conclusions and outlook.
2 “Almost” Quotient Space and Non-dynamical De-
coherence
2.1 “Almost” quotient Hilbert space and equivalence classes
For the total Hilbert space Ht in Eq. (4) that is roughly resolved into a studied or observed
system and an environment, it is ergodic from one particular state under all the possible
dynamical evolutions. The number of those evolutions is large and can be collected as a
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set or a group {Uˆ} for short. Under this group, Ht is “detected” in a fine grained way.
Then, consider an observable Oˆ for the studied system in terms of orthonormal eigenstates
Oˆ =
∑
n
On|n〉〈n|, Oˆ|n〉 = On|n〉. (6)
If performing a quantum measurement on a fixed or time independent normalized state
|ψ〉 on HS, we will obtain an average value
O¯ = 〈ψ|Oˆ|ψ〉 =
∑
n
On|αn|2, |ψ〉 =
∑
n
αn|n〉, (7)
with |αn|2 treated as the probability for obtaining the state |n〉 after the measurement. If
the operator Oˆ is an identity Iˆ =
∑
n |n〉〈n|, then we have
1 = 〈ψ|Iˆ|ψ〉 = 〈ψ|ψ〉 =
∑
n
|αn|2, (8)
which is the sum rule of probability. These are the standard results of quantum mechanics,
named Born rule.
Now let’s consider the problem in a different way. For Eq. (8), it is invariant under
the group {Uˆ} of all the evolutions, since [Uˆ , Iˆ] = 0. This is also a standard result
of quantum mechanics. However for Eq. (7), it is invariant only under some particular
unitary evolutions, which can be collected as a smaller group
GOˆ ≡
{
Uˆ , [Uˆ , Oˆ] = 0
}
. (9)
[Uˆ , Oˆ] = 0 here serves as a stability condition for the observed system, which guarantees
that the measurement can be accomplished without uncontrolled disturbances. In a quan-
tum measurement, the macroscopic apparatus serves as an environment, thus we can first
consider this particular case, with HE in Eq. (4) replaced by the apparatus’s Hilbert space
HA. Then the evolutions in the group GOˆ stand for the interactions between the observed
system and the large number of degrees of freedom of the apparatus. Certainly, there
may be some perturbations that can relax the stability condition to [Uˆ , Oˆ] ' 0, but this
does not change the main results. Hence, the group GOˆ should be treated as a necessary
prerequisite to measure Oˆ. What is its effect on the observed system?
Let the group GOˆ operate on the space HS ⊗H0A, in which the state is of some direct
product form |ψ〉|φ〉0A with |ψ〉 and |φ〉0A the initial states of the system and apparatus
respectively. Then a subspace H′ of Ht can be obtained, since GOˆ is only a subgroup of the
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total one {Uˆ}. There is a special property in H′ that it is classified into some equivalence
classes3 according to the group GOˆ. For instance, let any two different evolutions Uˆ1 and
Uˆ2 of the group GOˆ act on some initial state, then we have
|ψ〉|φ〉0A ∼= Uˆ1|ψ〉|φ〉0A ∼= Uˆ2|ψ〉|φ〉0A. (10)
This can be verified by substituting Eq. (10) into Eq. (7), and note that [Uˆ1,2, Oˆ] = 0.
More precisely, we can express the space H′ formally as
H′ ≡ GOˆ(HS ⊗H0A) =
{{GOˆ|ψ〉|φ〉0A}, {GOˆ|ϕ〉|φ〉0A}, · · ·} , (11)
provided that the expansion coefficients of the (fixed) states of HS |ψ〉 =
∑
n αn|n〉 and
|ϕ〉 = ∑n βn|n〉 satisfy
|αn|2 6= |βn|2, for some n. (12)
In a real measurement, a sample of the observed system’s states should be prepared, one
measurement for each prepared state. Then the initial state of the apparatus for each
measurement should be “almost” the same so that no significant disturbance occurs4.
Here, we fix the apparatus’s initial state for simplicity.
The complementary subspace Ht −H′ can be arrived at only by those evolutions not
belonging to the group GOˆ, i.e. by evolutions noncommutative with the observable Oˆ. In
this way, the total Hilbert space Ht
Ht = H′ ⊕ (Ht −H′) ' Ht/GOˆ (13)
is “detected” by those evolutions of the group GOˆ only in a coarse grained way. The mean-
ing of “coarse grained” is as follows. The equivalence class {GOˆ|ψ〉|φ〉0A} in Eq. (11) can
be treated as a “state” in the space H′, while the fine structure of the class is “ignored”
due to our inability to know the details of those evolutions in the group GOˆ. Eq. (13) is
not an exact quotient space due to the complementary subspace Ht −H′, so we call it an
“almost” quotient space. The notation Ht/GOˆ is used here only to denote the classifica-
tion for short, similarly for some other Ht/G(.) in the following discussions, with G(.) a
3The concept of equivalence class was also mentioned in [8] for the problem of quantum gravity.
4According to decoherence, the prepared states for both the observed system and the apparatus should
decohere from their respective environments. This is impossible in principle, since no system is isolated
absolutely. However, in a practical sense, we can always assume that the prepared states are isolated
initially, provided that the interactions from their environments are weak enough so that the correlations
with the environments can be neglected.
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possible subgroup of unitary evolutions. Since the environment here is only a measurement
apparatus, thus we can concern only with H′, otherwise no credible measurement could
be performed.
2.2 Non-dynamical decoherence: random phase approximation
The representative state for one equivalence class in the space H′ corresponding to some
fixed state
∑
n αn|n〉 in HS can be expressed as∑
n
αn|n〉|χn〉A,
∑
n
|αn|2 = 1, (14)
with {|χn〉A} a collection of some normalized (not necessary orthogonal) states for the
apparatus. We can further make an expansion for each |χn〉A
|χn〉A =
∑
i,j,k,···
Cn;i,j,k,···|i, j, k, · · · 〉A, (15)
with i, j, k, · · · denoted as the large number of degrees of freedom of the apparatus. Here is
just a general consideration, while a more detailed discussion with the apparatus’s pointer
states singled out will be shown in Sec. 5.1. There is a basis ambiguity by transforming
the set {|χn〉A} into another set. As a consequence, the set of the observed system’s states
will also be transformed. For instance, by substituting Eq. (15) into Eq. (14), we have∑
i,j,k,···(
∑
n αnCn;i,j,k,···|n〉)|i, j, k, · · · 〉A, where the linearly combination in the bracket is
a new set of states for the observed system. This basis ambiguity is always present in
principle for a closed system’s state, just like the case in Eq. (1). However, the ambiguity
here is just a non-dynamical gauge freedom, since if it had some dynamical sources, the
involved evolutions would violate the stability condition [Uˆ , Oˆ] = 0 in the group GOˆ so
that no credible outcomes could be obtained5. Thus, we can fix the gauge by choosing the
expansion to be the form in Eq. (14), removing the basis ambiguity.
One part of the quantum information is stored in the correlations of the system and
the apparatus, in particular in the coefficients {Cn;i,j,k,···} of Eq. (15)
|Cn;i,j,k,···| exp(−iγn;i,j,k,···). (16)
The singled out phase factor gives the phase information exchanged between the observed
system and the apparatus’s degrees of freedom i, j, k, · · · . In the large number(of the
5For a representation transformation Sˆ, the transformed observable SˆOˆSˆ−1 is generally different from
Oˆ unless [Sˆ, Oˆ] = 0. In this sense, the stability condition can also be used to choose a particular repre-
sentation, removing the basis ambiguity.
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apparatus’s degrees of freedom) limit, the phase in Eq. (16) can be approximated to be
random and depend only on the quantum number n
αne
−iγn;i,j,k,··· → αne−iγn → |αn|e−iγn , (17)
where the last step in Eq. (17) indicates that the phase information stored in each αn has
been randomized. This random phase approximation concerns only with the average effects
of the apparatus on the observed system, ignoring most of the details of the interactions.
This is different from the Markovian approximation which ignores only the feedback of the
system on the environment. Certainly, the reason for random phase approximation is due
to our inability to keep track of the apparatus’s large number of degrees of freedom. This
implies that the random phase approximation serves as a further coarse grained approxima-
tion by ignoring some details of the information exchange. Moreover, this approximation
depends little on the states {|χn〉A} of the apparatus, while the dynamical decoherence
approach needs a further orthogonality condition for those states. After the random phase
approximation information is lost partially, just like the case in the eiselection scheme,
inducing a decoherence.
This random phase approximation should be distinguished from the phase damping
in dynamical decoherence, in which the relative phases in the non-diagonal terms of the
density matrix are damped through the dynamical decoherence function in Eq. (5). The
random phase approximation has no dynamical source, just serves as an approximative
method to give a coarse grained description, inducing a non-dynamical decoherence. More-
over, the decay term in Eq. (5) is mainly caused by some thermal or random properties of
the environment, violating the Everettian picture. However, as we shall shown in the next
subsection, the random phase approximation can still be described by some unitary opera-
tors, preserving the Everettian picture. In a word, the random phase approximation or the
randomness is introduced mainly because of our inability to keep track of the large number
of the environment’s degrees of freedom, not a necessary prerequisite of environment for
inducing a decoherence.
It should still be emphasized that the studied information is actually not lost, but
stored in those correlations implicit in Eq. (14), in particular in those combined coeffi-
cients {αnCn;i,j,k,··· ≡ Dn;i,j,k,···}. Comparing a state
∑
n αn|n〉 in the space HS with its
corresponding equivalence class in the space H′ we can see that, as an open system the
information of the system’s initial state stored in {αn} has diffused into the correlations
{Dn;i,j,k,···} with its surrounding environment, the apparatus here. To recover the exact
information of the system’s initial state, we should know the precise details about the
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information exchange among those coupled systems. This seems to be impossible for any
ordinary observer including our human beings, except for some kind of “superobserver”.
For ordinary observers, the random phase approximation is thus introduced to obtain
an effective coarse grained description. We shall show in Sec. 5.2 that this random ap-
proximation is also necessary for the macroscopic observations on the apparatus made
by our human beings, since our undeveloped brains can not deal with the details of the
information exchange6.
The above discussions imply that, when making a quantum measurement, the large
number of degrees of freedom of the apparatus leads to various evolutions in the group
GOˆ and further results in a classification of the total Hilbert space, as given in Eq. (13).
This classification and a further random phase approximation provide a coarse grained
description to the observed system. For another observable Oˆ′ =
∑
iO
′
i|i〉〈i| that satisfies
[Oˆ′, Oˆ] 6= 0, there will be another classification of the space Ht according to some group
GOˆ′ . In this sense, the difference of measurement outcomes for two noncommutative
observables comes from the fact that the relevant Hilbert space is classified in two different
ways.
Now, let’s consider a measurement on a time dependent state |ψ(t)〉 evolved via some
evolution Uˆ(t) resulted from some other environment. In this case, an extra apparatus
should be added to make a measurement. If Uˆ(t) is commutative with the observable
Oˆ, then it belongs to the group GOˆ and the above discussion is unchanged. If Uˆ(t) is
noncommutative with Oˆ, the Hilbert space will be some evolutionary one Uˆ(t)(H0S ⊗H0E)
from some particular initial space. At some instant, we can make a measurement by
turning on the evolutions in the group GOˆ, obtaining another H′ formally expressed as
GOˆUˆ(t)(H0S ⊗H0E ⊗H0A). Then the mean value of the observable is given by
O¯(t) = 〈ψ(0)|(Uˆ Uˆ(t))†OˆUˆ Uˆ(t)|ψ(0)〉 = 〈ψ(t)|Oˆ|ψ(t)〉, (18)
with some arbitrary Uˆ chosen from the group GOˆ. This means that when making a
(real) measurement, the evolution Uˆ(τ)(τ > t) should be stopped, otherwise no credible
outcomes can be obtained. In other words, the operations of measurement and evolution
cannot be turned on simultaneously. This is crucial for a quantum measurement, since the
strengths of the measurement interactions or those evolutions in the group GOˆ are roughly
6The brain is only treated as a physical structure composing of atoms, molecule and so on, which may
also be regarded to be an information receiver. No meta-physical sense will be involved, as shown in
Sec. 5.2.
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equal to that of Uˆ(t)7. While for a (classical) observation on a macroscopic system, for
example our sense of vision, the observation is only a small perturbation to the evolution
of the macroscopic system so that the operations of measurement and evolution may be
turned on simultaneously.
One prepared state |ψ(t0)〉 at some instant t0 can be expanded as∑
n
αn(t0)|n〉|χn(t0)〉E,
∑
n
|αn(t0)|2 = 1, (19)
with {|χn(t0)〉E} still a collection of some normalized (not necessary orthogonal) states for
the environment. Analogous to Eqs. (16) and (17), the large number of degrees of freedom
of the apparatus also provide an effective random phase to each αn(t0). In the next sub-
section, we will introduce a random phase unitary operator to describe this random phase
approximation effectively, and derive the Born rule without using a dynamical decoherence
function.
2.3 Random Phase Unitary Operator and Born Rule
The group GOˆ in Eq. (9) is not convenient to obtain measurement outcomes, because the
group contains so many evolutions that it is difficult to be described. The random phase
approximation in Eq. (17) provides an effective description. Generally speaking, quantum
information is exchanged under those evolutions in the group GOˆ, and since phases are
also important elements of quantum information, some phase factors can appear in those
unitary evolutions of the group GOˆ, just like the one in Eq. (16). For a particular evolution,
the phases of the observed system’s states change regularly, but if there are a large number
of evolutions, the phases will change in a random manner approximately. This usually
occurs for a macroscopic system composing of large number of degrees of freedom, for
example, a measurement apparatus, or some other general environment. Thus we can
introduce an effective random phase unitary operator acting only on the observed system’s
space
Uˆ(γ) =
∑
n
e−iγn|n〉〈n|, all γn is random, (20)
with those random phases indicating an average information exchange for the observed
system. Then there will be an limit
GOˆ −→ Gγ ≡ {Uˆ(γ)}, (21)
7After one measurement, the evolution can be turned on again until next measurement. Continuing
this step, we will obtain some statistical correlation function.
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with Gγ a group of all the random unitary operators with the form of Eq. (20). The limit
in Eq. (21) is effective, as long as the number of the elements in the group GOˆ is large
enough. Because [Oˆ, Uˆ(γ)] = 0, we can rewrite the observable Oˆ as
Oˆ = Uˆ−1(γ)OˆUˆ(γ). (22)
This indicates that the observable operator Oˆ in fact does not act on a Hilbert space, but
on a quotient space.
Suppose the Hilbert space of the system is
HS = {|ψ〉, |ϕ〉, · · · }, (23)
then by means of the random phase unitary operator Uˆ(γ) or the group Gγ in Eq. (21),
we will obtain an exact quotient Hilbert space
HS/Gγ = {{Gγ|ψ〉}, {Gγ|ϕ〉}, · · · } , (24)
still as long as the expansion coefficients of the (fixed) states |ψ〉 = ∑n αn|n〉 and |ϕ〉 =∑
n βn|n〉 satisfy
|αn|2 6= |βn|2, for some n. (25)
This gives an apparent coarse grained description of the original Hilbert spaceHS. Further,
physical results do not depend on the random phases, thus some γ invariant quantities
should be constructed in the quotient space HS/Gγ. One simple example is the density
matrix
ρˆ ≡ 1
V (γ)
∫
dγ
[
Uˆ(γ)|ψ〉〈ψ|Uˆ−1(γ)
]
, (26)
where V (γ) is the volume of the γ parameter space. After some simple calculations we
will have
ρˆ =
∑
n
|αn|2|n〉〈n|, T rρˆ =
∑
n
|αn|2 = 1, (27)
which gives the Born rule for the probability. In deriving Eq. (27), we have used∫ 2pi
0
d(γn − γm)e−i(γn−γm) = 0, (n 6= m), (28)
because both γn and γm are random. Then by combining Eq. (6) and Eq. (27), we can
obtain the definite measurement outcomes
{On, Pn = |αn|2} → O¯ =
∑
n
OnPn = Tr(Oˆρˆ). (29)
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This realizes our non-dynamical decoherence only through some random phase integrals,
without involving any dynamical decoherence function of the form in Eq. (5).
It should be noted that the general space is actually H′ in Eq. (11), or the “almost”
quotient space in Eq. (13) denoted by Ht/GOˆ. However, the space Ht/GOˆ is difficult
to be described due to the complexity of the group GOˆ. After a further random phase
approximation, a random phase unitary operator in Eq. (20) together with the group Gγ
in Eq. (21) is introduced, leading to an effective quotient space HS/Gγ in Eq. (24) that is
easier to be described. In other words, the group Gγ is a well parameterized approximation
to GOˆ so that some quantities such as the density matrix in Eq. (26) can be constructed
effectively. These can be easily extended to the time dependent case in Eqs. (18) and (19),
since a quantum measurement can be performed only on a state at some instant. Moreover,
after the random phase approximation the phase information stored in each αn is lost, as
indicated by the randomization in Eq. (17), while the probability information |αn|2 is still
retained and can be acquired by us, as will be shown in Sec. 5.
There is a crucial difference between a Hilbert space and its corresponding (“almost”)
quotient space. In a Hilbert space, the superposition principle is applicable which roughly
says that the space is closed under any linearly combinations of its states. However, in a
(“almost”) quotient Hilbert space, its elements are not simply states, but some equivalence
classes with the form of Eq. (24) or (11). The question is then whether the superposition
principle is also suitable for those classes, that is, whether any linearly combinations of the
equivalence classes is still some single class. To understand this question easily, we take
an example about the congruence concept in number theory, for instance 1 ≡ 8(mod 7),
3 ≡ 10(mod 7). That is, 1 and 8 belong to one equivalence class denoted as 1¯, while 3
and 10 belong to another class 3¯. Then we have 1¯ + 3¯ = 4¯, and this class addition is
independent of the representative numbers.
Now consider the superposition of the equivalence classes in a (“almost”) quotient
space. For instance, we take the following three representative states from a single class
(e−iα|0〉+ e−iβ|1〉)/√2 in a quotient space of the form of Eq. (24)
1√
2
(|0〉 ± |1〉), 1√
2
(|0〉+ i|1〉). (30)
Obviously, a direct addition of any two states will give states |0〉 or |0〉 + i±1
2
|1〉 (up
to normalization constants), which belong to different classes. This indicates that the
superposition principle is not suitable for equivalence classes. Certainly, for the classes
of the eigenstates of some observable Oˆ, any linear combination of them is indeed some
single class. This is because the representative state for any eigenstate’s class is just
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the eigenstate up to some irrelevant factors. However, this is just a special case, and
the superposition can not be applied further for those general classes. Then it can be
concluded that the superposition principle is not suitable for the elements or equivalence
classes in a (“almost”) quotient Hilbert space. This can also be seen by noting that the
stability condition in the group GOˆ in Eq. (9) breaks a lof of unitary symmetries. To
recover the superposition principle, some evolutions noncommutative with the observable
are needed to destroy the formed (“almost”) quotient space.
Therefore, when making a measurement on a quantum system, some (“almost”) quo-
tient space can be formed according to some stability condition in Eq. (9). Superposition
principle, the most important quantum property will not be suitable for the equivalence
classes in the (“almost”) quotient space so that definite outcomes may be obtained. More-
over, in Sec. 4 we shall show that, this unsuitable of superposition is crucial for macroscopic
systems, since their states are also elements of some (“almost”) quotient Hilbert space.
After the measurement, the quantum property of the observed system may be recovered,
provided that some other evolutions noncommutative with the observable Oˆ act on the sys-
tem to destroy the formed “almost” quotient space. This is not the case for a macroscopic
system whose quantum properties may still be suppressed because of its stable structure,
as will be shown in Sec. 4.2.
3 A two-dimensional example: Stern-Gerlach exper-
iment
As an example, we make a analysis on the Stern-Gerlach experiment, showing how the
random phase unitary operator is introduced to obtain the measurement outcomes. Sup-
pose the initial state of the electron’s spin is |φ〉 = α| ↑z〉 + β| ↓z〉, and the interaction
term is given by
Hˆint = − e
2m
σˆzBz(z), (31)
with Bz(z) the z-component of a non-uniform magnetic field. With this interaction, we
will have a state evolution
|φ〉 e−iHˆintt−→ αe−iωt+ipzz| ↑z〉+ βe+iωt−ipzz| ↓z〉, (32)
where ω = |e|Bz(0)/2m, and
pzz ' tFz ' −t |e|
2m
dBz
dz
(0)z. (33)
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The phase factors e±ipzz indicate that there is momentum transfer between the electron
and the magnetic field. Certainly, we can also assign | ∓ pz〉A as the momentum states of
the apparatus or the magnetic field, and obtain the von Neumann’s proposal [4]
αe−iωt+ipzz| ↑z〉| − pz〉A + βe+iωt−ipzz| ↓z〉|+ pz〉A, (34)
which gives the correlations between the electron and the measurement apparatus.
If the measurement apparatus is also a simple quantum system, the state in Eq. (34) is
exact and no random phase will occur. However, this is not the case, because the magnetic
field in Eq. (31) is only a classical quantity, and the full interaction should be in terms of
some quantum filed operators
Hˆint = − e
2m
σˆz
∫
d3xψˆ†(x)Bˆz(x)ψˆ(x). (35)
This means that when the electron is travelling in the magnetic field, it will always interact
with the magnetic field by exchanging virtue photons so that its trajectory will seem to
be random in a smaller scale. As a result, the momentum pz in Eq. (33) is only an average
quantity, because Bz = 〈Bˆz〉 has been used. Then, a more precise phase factor will be
exp(−iωt+ ipzz + iγ), (36)
with a random phase γ resulting from the fluctuations due to the exchange of virtue
photons.
The random phase γ in Eq. (36) is not enough, since the phase factors for each term in
Eq. (32) are not independent. This is because the evolution operator e−iHintt in Eq. (32)
belongs to SU(2) satisfying det(e−iHintt) = 1, since Trσˆz = 0. For a general U(2) group,
there is not such a restriction. Now the states | ∓ pz〉A in Eq. (34) give a representation
of the U(2) group, so we can make an arbitrary U(2) transformations UˆA on them to
obtain two new states. Since the states of the electron and the apparatus are entangled in
Eq. (34), UˆA will induce another Uˆinduce transformation acting on the space of the electron.
The transformation Uˆinduce may be non-unitary because the electron’s new states after the
transformation may be non-orthogonal. This is the so called the problem of the preferred
basis or basis ambiguity in the quantum measurement, just like the case in Eq. (1). To
obtain credible outcomes, we should remove this basis ambiguity coming from some general
transformations involving linearly combinations of the states.
As shown below Eq. (15), there is some non-dynamical gauge that should be fixed.
After that, the possible general transformations UˆA will be resulted from some dynamical
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evolutions. Recalling the group GOˆ defined in Eq. (9), the observable here is the electron’s
spin Sˆz, so we should concern only with those evolutions satisfying [Uˆ , Sˆz] = 0. Thus UˆA
can not come from an interaction with the electron, since that would violate the condition
[UˆA, Sˆz] = 0. The other source is from interactions with the rest degrees of freedom of
the apparatus and a possible added environment. This means that the state in Eq. (34)
should be extended to its corresponding equivalence class in an “almost” quotient space
like the one in Eq. (13). For example, the representative state of the class corresponding
to the first term in Eq. (34) is∑
pz
C↑z ,pz | ↑z〉| − pz〉A|χ↑z ,−pz〉res, (37)
with C↑z ,pz some transition amplitude resulted from the interactions between the electron
and the apparatus, such as the phase factor in Eq. (36). Eq. (37) indicates that the
states | ∓ pz〉A stand for only a small portion of the large number of degrees of freedom
of the apparatus. Since the stability condition [UˆA, Sˆz] = 0 forbids the possible source
from interaction with the electron, another condition [UˆA, Pˆ
A
z ] = 0 is needed to forbid the
possible interactions with the rest degrees of freedom. This is just the stability criterion [3]
of the einselection scheme for selecting the observables of the apparatus by its environment.
As will be shown in the next section, this stability condition is just one of a collection of
conditions that can form a macroscopic system. Including the rest large number of degrees
of freedom, a random phase approximation should be made according to the analysis below
Eq. (16). This can be simply achieved by using of a random phase unitary operator
UˆA = e
−iγ1 | − pz〉〈−pz|+ e−iγ2|+ pz〉〈+pz|, (38)
with the random phases γ1 and γ2 coming from the interactions with the large number
of degrees of freedom of the apparatus and the possible environment. The above UˆA can
induce a random phase unitary transformation on the electron’s spin space
Uˆinduce = e
−iγ1 | ↑z〉〈↑z |+ e−iγ2| ↓z〉〈↓z | ≡ Uˆγ, (39)
just like the one of Eq. (20). By means of this random phase unitary operator and Eq. (26),
we can obtain the required density matrix
|α|2| ↑z〉〈↑z || − pz〉A〈−pz|+ |β|2| ↓z〉〈↓z ||+ pz〉A〈+pz|, (40)
which contains only the classical correlations between the electron’s spin states and the
apparatus’s pointer states, and gives the definite measurement outcomes.
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4 States of Macroscopic Systems
In common sense, a macroscopic system’s states seem to be definite at some instant,
i.e. its states behave classically. We can not perceive some superposition of states like
α|alive〉+β|dead〉 which says that a Schro¨dinger’s cat is both alive and dead. The analysis
in Secs. 2 can be extended to describe the states of those macroscopic systems. Generally
speaking, the states of a macroscopic system are not in a Hilbert space, but in a (“almost”)
quotient Hilbert space.
4.1 A toy model: classical bits from qubits
Let’s first consider a model for constructing classical bits from some qubits. Assume
that there are N qubits and some interactions among them. Let the first qubit be a
base with state |ϕ〉 = α|0〉 + β|1〉, while the states for other qubits are all assuming to
be |0〉 for simplicity. There is a class of primary and strong interactions (or evolutions)
Uˆ1,i, i = 2, · · · , N which depends also on the distance of any two qubits. Then we can
further assume a decreasing relation for the strengths of these interactions
Uˆ1,2  Uˆ1,3  Uˆ1,4  · · · , (41)
that is, the qubits are ordered in increasing distances. There are also some much weaker
interactions Uˆi,j, i, j = 2, · · · , N . This model is analogous to an atom with the first qubit
as the atomic nucleus and the rest as electrons, and the couplings are the electromagnetic
interactions. Consider first the first two qubits. With the interaction Uˆ1,2 turned on, we
have a state evolution
|ϕ〉1|0〉2 Uˆ1,2−→ αe−iγ12(t)|0〉1|0〉2 + βe−iδ12(t)|1〉1|1〉2, (42)
i.e. a C-NOT gate [9] followed by a steady operator e−iγ12(t)|00〉12〈00|+ e−iδ12(t)|11〉12〈11|,
analogous to the steady states in an atom. Since the interaction Uˆ1,2 is the strongest, the
structure in Eq. (42) should not be destroyed by the other interactions. In other words,
the rest interactions should be perturbations satisfying (ideally) [Uˆ1,2, Uˆrest] = 0. Then we
can obtain a group of unitary interactions
GUˆ1,2 ≡
{
Uˆ , [Uˆ1,2, Uˆ ] = 0
}
, (43)
which is analogous to the one in Eq. (9). With the stability condition in Eq. (43), the rest
Uˆ1,i, i = 3, · · · , N can only be chosen to have the same form as Uˆ1,2, i.e. a C-NOT gate
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followed by a corresponding steady operator; while those Uˆi,j, i, j = 2, · · · , N can only be
some steady operators. Hence, after turning on the rest interactions, we will obtain a final
state
αe−iγ|0, 0, · · · , 0〉1,··· ,N + βe−iδ|1, 1, · · · , 1〉1,··· ,N , (44)
with the random phase γ (in the large N limit)
γ = γ12 + γ13 + · · · γ1N + γi,j + γE, (i, j = 2, · · · , N), (45)
similarly for the random phase δ. The phase γE is from the surrounding environment,
since the couplings with the environment must also belong to the group GUˆ1,2 otherwise no
stable structure would have been formed. Just like the case in Sec. 2, the state in Eq. (44)
is just the representative state of an element in an effective quotient Hilbert space, an
approximation of some “almost” quotient space denoted as Ht/GUˆ1,2 . Here, Ht is the total
Hilbert space of all the relevant coupled systems (N qubits) including the environment.
Then by using of Eq. (26), a statistic ensemble can be obtained
|α|2|0〉〈0|+ |β|2|1〉〈1|, (46)
with the classical bits
|0, 0, · · · , 0〉1,··· ,N ≡ |0〉, |1, 1, · · · , 1〉1,··· ,N ≡ |1〉. (47)
4.2 Classical properties of macroscopic systems
Although the above model is analogous to an atom, there are indeed some differences
between them. In an atom, there are more energy levels than those of the qubits,
and the condition in Eq. (43) may be relaxed to be some more physical one GUˆstru ≡{
Uˆ , [Uˆstru, Uˆ ] ' 0
}
with Uˆstru responsible for the structure of an atom or even a macro-
scopic system. This means that some perturbations can deform the already formed struc-
ture a little. Besides, an atom can not contain too many electrons, then the phases are not
random enough to obtain completely classical states. This is the reason for the quantum
properties of an atom. However, atoms can be combined further to form molecules, macro-
molecules, crystals and even all the macroscopic systems. In these processes, the involved
interactions are weaker and weaker so that the already formed atomic and molecular struc-
tures are preserved. Moreover, since the number of constituents is larger and larger, the
information exchange among them is more and more complex, then the phases can be
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treated to be random so that the macroscopic systems’ states behave more classically. In
fact, a more general (ideal) group can be proposed as
G(Uˆastru,Oˆimac) ≡
{
Uˆ , [Uˆastru, Uˆ ] = [Oˆ
i
mac, Uˆ ] = 0
}
, (48)
with {Uˆastru} the interactions responsible for all the structures of a macroscopic system,
and {Oˆimac} standing for its macroscopic observables, such as total mass, momentum, and
other macroscopic properties. The indexes a and i are used to denote the collections for
those operators, which satisfy the following commutative relations
[Uˆastru, Uˆ
b
stru] = [Oˆ
i
mac, Uˆ
a
stru] = [Oˆ
i
mac, Oˆ
j
stru] = 0. (49)
This means that some quantum numbers can be assigned to denote the states of a macro-
scopic system. With the help of Eq. (48), the total Hilbert space can be classified into
equivalence classes, obtaining an “almost” quotient space in which the representative state
for an equivalence class can be expressed as∑
a,i,µa,ni
αµa,ni|µa〉stru|ni〉mac|χµa,ni〉res, (50)
with µa and ni the quantum numbers for the internal structures and the macroscopic
observables of the macroscopic system respectively. Just like the states {|χn〉A} in Eq. (14),
here {|χµa,ni〉res} for the rest degrees of freedom are also some normalized states that can
provide phase factors like the one in Eq. (16). If the number of the rest degrees of freedom
is large enough, a random phase approximation can also be made to give some statistical
ensemble for the macroscopic system’s states, leading to their classical properties.
The stability conditions in Eq. (48) also provide a rough classification of all the possible
interactions. The first class contains the weakest interactions satisfying all the conditions
in Eq. (48). For this class, the “almost” quotient space is stable, that is, all the equivalence
classes are invariant under those weakest interactions. The second class consists of some
stronger interactions that may violate some condition for the macroscopic observables, but
still satisfying those for the structures. Obviously, this class of interactions can only change
the macro-states of the macroscopic system, such as momentum or angular momentum as
a whole. The third class is the one consisting of the strongest interactions that violate
most of the conditions in Eq. (48), even those for the structures. Easily to see, the first two
classes actually stand for the familiar “classical” interactions, under which the “almost”
quotient space is stable or only deformed a little. While the third one can be described
only by quantum theory, under which the “almost” quotient space is no longer useful for
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describing the macroscopic system. Certainly, there may be some strongest interaction
that violates only several conditions for the structures, for example, an X or gamma ray
may destroy only some small structures of our larger bodies. In a word, the “almost”
quotient space provides an effective border between the quantum and classical sides, both
for the systems and the relevant interactions. If there is no “almost” quotient space in
nature, the classical properties of macroscopic systems including our human beings, can
not be emergent.
The above analysis implies that, the states of a macroscopic system are not simply
elements of the total Hilbert space of all its constituents, but are elements of an “almost”
quotient space determined by some stability conditions in Eq. (48). Besides, the struc-
tures of macroscopic systems could be formed only if the interactions were different in
their strengths. This is the case in nowaday world, where there are four basic interactions
whose strengths are indeed different and also depend on the distances. For instance, the
strong interaction bounds quarks forming nucleons, while the weaker electromagnetic force
bounds electrons and nucleons to form atoms. Since the electromagnetic force is weaker,
so it cannot destroy the stable structures of the nucleons determined by the strong in-
teraction. Further, as shown below Eq. (30), the superposition principle is not suitable
for the elements of a (“almost”) quotient space, so it can be concluded that the states of
macroscopic systems are more classical than quantum, as long as their stable structures
are not destroyed by some other stronger interactions that violate most of the structure
conditions in Eq. (48). This is the case for those macroscopic systems in ordinary tem-
perature, while in lower temperature some macroscopic quantum phenomena can occur,
such as the superconductivity and superfluidity. This can be explained by noting that the
classical properties are actually caused by the large number of the rest degrees of free-
dom in Eq. (50). These degrees of freedom are independent from each other in ordinary
temperature, while in lower temperature they behave more and more dependently so that
their states’ phases become coherent and can not provide random phases. Therefore, a
macroscopic system behave classically if it contains large number of independent degrees of
freedom.
There is a general picture according to the previous discussions. Since no system is ab-
solute, thus there is also no absolute Hilbert space for an observed system in the real case,
except a total one Ht including all of the relevant coupled systems, perhaps the whole
universe. If there is some local observable Oˆ or strongest interaction Uˆstru singled out,
some “almost” quotient space Ht/GOˆ or Ht/GUˆstru can be formed to describe a quantum
measurement or a macroscopic system, as shown previously. The conditions in the groups
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GOˆ and GUˆstru imply that, the interactions violating those conditions has been neglected
as long as they are weak enough not to disturb a measurement or a stable structure sig-
nificantly. This is possible in the present age of our universe. Thus, a (“almost”) quotient
space is only phenomenal in the sense that its formation depends greatly on the conditions
of our universe. Besides, although an observed system or a macroscopic system described
by some “almost” quotient space behaves classically, the physical processes all behave in a
quantum manner. Through a further random phase approximation by replacing the group
GOˆ or GUˆstru with some corresponding random phase group Gγ, the “almost” quotient
space Ht/GOˆ or Ht/GUˆstru can be reduced to some effective quotient space H/Gγ, with H
the relevant Hilbert space for an observed system or a macroscopic system. The quotient
spaceH/Gγ can thus be treated as the required space for the observed system or the macro-
scopic system, separated or decoherence from those large number of unobserved degrees of
freedom effectively. Comparing with the abstract space H, H/Gγ can only provide some
statistical ensemble which gives definite measurement outcomes or some classical proper-
ties of a macroscopic system. Roughly speaking, although an abstract Hilbert space H is
basic for describing a system, an open system can be described only by some (“almost”)
quotient Hilbert space.
In an abstract Hilbert space, the superposition is applicable for its elements, but this
is not the case for its corresponding (“almost”) quotient space. Then, we can answer
partly the question of the Schro¨dinger’s cat. A superposition state of the form α|alive〉+
β|dead〉 for a Schro¨dinger’s cat can exist only in an abstract Hilbert space, not in an
“almost” quotient space for a real cat. Moreover, since the states |alive〉 and |dead〉 are
the eigenstates of some macroscopic observable for that cat, a general state should be of
the form in Eq. (50), standing for one equivalence class in an “almost” quotient space. A
further analysis of the problem of the Schro¨dinger’s cat will be given in the next section.
5 Quantum Measurement Process
A quantum measurement process is just an interaction between a quantum system and
a macroscopic apparatus. As shown in Sec. 2.3, the definite measurement outcomes are
determined by some effective quotient Hilbert space in Eq. (24). Moreover, we also show
in Sec. 4 that the states of a macroscopic system are elements of some “almost” quotient
Hilbert space, in which the superposition principle is not proper. It seems that the definite
measurement outcomes are actually caused by the “almost” quotient Hilbert space of the
macroscopic apparatus. Here we give a general analysis.
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5.1 General descriptions of quantum measurement process
Suppose the observed system’s Hilbert space is HS, while the “almost” quotient Hilbert
space of the apparatus is HT/GUˆstru,OˆA , with HT the total space of the apparatus and a
possible added environment. We can assume that the observed system and the appara-
tus are completely independent initially so that HS is not in HT . GUˆstru,OˆA is a group{
Uˆ , [Uˆ , Uˆstru] = [Uˆ , OˆA] = 0
}
, where Uˆstru is the interaction responsible for the structure
of the apparatus, and OˆA is a macroscopic observable of the apparatus. Here we ignore
the possible indexes of those operators for simplicity. Now, there is some interaction that
can induce an evolution as
HS ⊗ (HT/GUˆstru,OˆA)
Uˆint−→ (HS ⊗HT )/GOˆ,Uˆstru , (51)
giving a measurement on the observable Oˆ of the system. The group GOˆ,Uˆstru , which is
defined as
{
Uˆ , [Uˆ , Oˆ] = [Uˆ , Uˆstru] = 0
}
, includes all the interactions that don’t disturb the
structure of the apparatus and the measurement outcomes, otherwise the measurement
would be impossible. Eq. (51) implies that the “almost” quotient space structure of the
apparatus has been transferred into the combined system via the evolution Uˆint satisfy-
ing [Uˆint, OˆA] 6= 0. It should be stressed that this evolution can not be a single basic
unitary operator, because it also act on the apparatus’s “almost” quotient Hilbert space.
Thus it must be a combination of a lot of basic evolutions constructed from the interac-
tions between the observed system and the constituents of the apparatus and the possible
environment
Uˆint = Uˆ1Uˆ2 · · · ∼ exp(−i
∑
n
λnPˆnTˆA), (52)
where Pˆn ≡ |n〉〈n| is the projector corresponding to the observable Oˆ of the observed
system. Moreover, Uˆint belongs to the group GOˆ,Uˆstru , so [TˆA, Uˆstru] = 0. Thus TˆA should be
some macroscopic operator acting on the apparatus’s “almost” quotient Hilbert space. It
can only change the macro-states for the apparatus’s macroscopic observable OˆA, inducing
transitions on the “almost” quotient space. For example, in the Stern-Gerlach experiment
of Sec. 3, TˆA ' ZˆA, the z-component of the apparatus’s position (as a whole) [4]. It can
lead to translations in momentum space obtaining the states | ∓ pz〉A, the momenta of the
apparatus as a whole.
The evolution in Eq. (51) can also be expressed as a transition of states
|n〉S|OA〉mac|χOA〉res → |n〉S|O(n)A (t)〉mac|χO(n)A (t)〉res, (53)
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where the apparatus’s structure has been neglected for simplicity. The set of states
{|O(n)A (t)〉mac} gives a representation of the unitary evolution Uˆint. The time parame-
ter t indicates that those states are not exact eigenstates of the macroscopic observable
OˆA, since [OˆA, Uˆint] 6= 0. After the measurement Uˆint is absent, then we will obtain another
group of stability conditions GOˆ,Uˆstru,OˆA and a corresponding “almost” quotient space in
which the representative state for an equivalence class can be expressed as∑
n
αn|n〉S|φn〉T =
∑
n,O
(n)
A
αn|n〉SCO(n)A |O
(n)
A 〉mac|χO(n)A 〉res, (54)
where the structure part is still neglected for simplicity. The state in Eq. (54) has the same
form as the one in Eq. (14). Hence, we can make a further random phase approximation,
by replacing the group GOˆ,Uˆstru,OˆA with a corresponding (random phase) group Gγ acting
on either the system’s space or a larger one including the macro-states {|O(n)A 〉mac}. By
using of Eq. (26), we will then obtain the required definite measurement outcomes. For the
larger space, the coefficients {C
O
(n)
A
} can also contribute to the probabilities. These coeffi-
cients may be from the initial state of the apparatus, or from those transition amplitudes
in Eq. (53), i.e. 〈n,O(n)A |Uˆint|n,OA〉. In a real quantum measurement, the apparatus’s
initial state should be prepared to be almost the same for each measurement on the pre-
pared system’s states. Thus, the contribution from the apparatus’s initial state can be
removed by an initial random phase approximation, which prepares a definite state for the
apparatus initially. While the contribution from the transitions can simply be treated as
some measurement errors from the apparatus.
5.2 Macroscopic observations
The expression in Eq. (54) implies that the information of the system has been diffused
into the correlations with the large number of degrees of freedom of the apparatus and the
possible environment. Besides, the macro-states {|O(n)A 〉mac} serve as the pointer states,
pointing out the system’s final state after the measurement. Then whether the full in-
formation of the system’s initial state can be acquired by our human beings via some
macroscopic observations on the apparatus? Macroscopic observations are actually some
interactions between two macroscopic systems. Those interactions should be weak enough
to satisfy most of the stability conditions for both the two macroscopic systems, then we
will obtain the “classical” physical laws after some random phase approximations. For
instance, our human beings, as a macroscopic system, can directly observe another macro-
scopic system by only weak interactions, such as by the sense of vision, touch and so
22
on. The internal quantum properties of a macroscopic system can only be detected in-
directly via some quantum tool (for example, an X ray) that interacts strongly with the
macroscopic system’s constituents.
Further, the interactions between our human beings and a measurement apparatus
should be so weak that even some of the apparatus’s macro-states, for example the pointer
states, can not be disturbed by our macroscopic observations, otherwise no credible out-
comes can be obtained. As in Eq. (52), those weak interactions may be expressed as
exp(−i∑OA λOAPˆOATˆh) by combining a lot of basic interactions. Tˆh is a macroscopic op-
erator acting on the “almost” quotient space of our human beings, giving our pointer states
just like the case of TˆA for the apparatus. The final result is a complex correlation among
the observed system, the measurement apparatus and our human beings. In particular, the
system’s eigenstates, the apparatus’s pointer states and our pointer states are correlated
in the same way as the expression in Eq. (2) for the einselection scheme. Therefore, our
pointer states provide the perception about the state of the combined system-apparatus,
obtaining the definite outcomes with the corresponding probabilities {|αnCO(n)A |
2}. Then
what about the remaining phase information stored in the phase factors of {αnCO(n)A }?
Quantum information can be transferred between two simple quantum systems, for
example two qubits. This can be achieved by a swap operation [9]
(α|0〉a + β|1〉a)|0〉b → |0〉a(α|0〉b + β|1〉b), (55)
which also means that the qubit b acquire the full information of the qubit a. However, if
the qubit b is replaced by a macroscopic system composing of a lot of independent degrees
of freedom, there will exist various interactions other than the simple swap operation,
disturbing the information transfer significantly. The result is that the information stored
by one degree of freedom will be shared by almost all the independent degrees of freedom
of the macroscopic system. This is analogous for a quantum measurement, as indicated
by the state in Eq. (54). A definite measurement outcome contains the full quantum
information, only if the system’s initial state was just an eigenstate of the observable. If
not, correlations must be established between the system and the apparatus, where the
quantum information is stored, i.e. the information of the system’s initial state has been
diffused into the apparatus. This is a general result. In order to acquire the full quantum
information of the system, a recovery operation should be performed. If the apparatus
was also a simple quantum system, this recover operation may be constructed easily, one
simple choice is the inverse of the evolution operator Uˆint. For example, the entangled
state α|0〉S|0〉A + β|1〉S|1〉A can be obtained from an initial one (α|0〉S + β|1〉S)|0〉A via a
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C-NOT gate [9]. Then by performing the inverse of the C-NOT gate, the information of
the system can be recovered. This may also be treated as an evidence for the symmetry
under t→ −t or the reversibility of any basic unitary evolution.
However, for the complex evolution in Eq. (52) that is a combination of a lot of basic
evolutions, its corresponding recovery operation is too difficult to obtain, because the
details of those basic evolutions are very complicated. Thus, to construct such a recovery
operation, a superobserver is needed to keep track of the full details among those basic
evolutions. This can also be seen from the view of the (“almost”) quotient space. Note
that the elements in an “almost” quotient Hilbert space are some equivalence classes for
which the superposition principle is not suitable. Thus, transitions among those classes
can not be induced by a single basic unitary evolution, but only by a combination of some
primary evolution together with a lot of evolutions belonging to some group G(.), with “.”
denoted as some stability conditions. This means that the group of all unitary evolutions
{Uˆ} can also be classified into some equivalence classes or cosets, obtaining a quotient
space {Uˆ}/G(.). This is also an abstract description for the rough classification of all the
interactions given in the last section. In this sense, the evolution in Eq. (52) actually stands
for some equivalence class or coset of a quotient space {Uˆ}/GUˆstru,OˆA . In one word, the
complexity of those interactions make the symmetry under t→ −t broken phenomenally,
leading to the irreversibility for macroscopic systems. This description of appearance of
time direction may also be applied in statistical mechanics, leading to the second law of
thermodynamics. Analogously, a recovery operation is also impossible phenomenally, that
is, it can not be constructed in a practical sense.
Therefore, a macroscopic observation made by us can not be a recovery operation to
acquire the full information of the system, especially the phase information. One may ask
whether we can observe a quantum system directly or via some quantum tool instead of a
macroscopic one. Analogous to the previous discussions about the quantum measurement
process, a direct observation or observation via a quantum tool can indeed establish the
required correlations. That is, the information of the system or the system-tool can also
be diffused into our bodies, since our human beings are also macroscopic systems. How-
ever, the brains of our human beings are not developed enough to deal with the quantum
information stored in those correlations, thus a random phase approximation is necessary
for us to obtain only a coarse grained description. This can also be seen as follows. Al-
though all the physical processes behave in a quantum manner, our brain as a macroscopic
system is always described by an “almost” quotient space so that all the phase informa-
tion is still hidden. To acquire the phase information, the brain’s “almost” quotient space
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should be destroyed by some stronger interaction. Then our brain will also be damaged
so that nothing can be perceived by us. In this sense, the random phase approximation
is inevitable for us to perceive the physical world. As a consequence, a feeling that the
information of the observed system is lost in a quantum measurement is only phenomenal.
All the information is still stored in those correlations among the observed system, the
measurement apparatus(including a possible added environment) and our human beings.
It is our undeveloped brain or its “almost” quotient space structure that prevents the full
quantum information from being acquired by us. The quantum measurement problem is
thus resolved, similarly for those classical properties of our surroundings.
According to the above analysis, the problem of the Schro¨dinger’s cat can also be
resolved in an analogous way. As a macroscopic system, the cat’s states are also elements
of some “almost” quotient Hilbert space, in particular, the states |alive〉 and |dead〉 are
the eigenstates of some macroscopic observable for that cat. The cat is coupled with a
two level atom(E2 > E1) via a complex evolution or coupling Uˆint ∼ e−i
∑
E λE PˆE Tˆcat like
the one in Eq. (52). Following Eq. (51) or Eq. (53), we then have an evolution or a state
transition
|E2〉|alive〉 Uˆint−→ e−iγα|E2〉|alive〉+ e−iδβ|E1〉|dead〉, (56)
with α and β some transition amplitudes for the atom’s states. The parts for the structures
of the cat and its rest degrees of freedom have been ignored for simplicity. The random
phase factors e−iγ and e−iδ are provided by the large number of those rest degrees of
freedom of the cat and a possible added environment via a random phase approximation8.
Hence, we will obtain a statistical ensemble with only classical correlations between the
atom and the cat. In this sense, the cat can just be treated as a measurement apparatus
to detect the states of the atom.
In conclusion, a quantum measurement is just a complex “unitary” interaction or evo-
lution constructed by combining a lot of basic unitary evolutions, as given by Eq. (52).
Different from those basic evolutions, this complex evolution also acts on the “almost”
quotient space of the macroscopic apparatus, i.e. it is actually an element of some quo-
tient space {Uˆ}/G(.) for the unitary evolutions. Besides, this interaction establishes a
correlation between the system’s measured observable Oˆ and a macroscopic one OˆA of the
apparatus. When the apparatus is observed by our human beings, the involved interactions
lead to a more complex correlation among the system’s eigenstates, the pointer states of
8Similar description of Schro¨dinger’s cat and the random phase approximation was also given in [10],
where some kind of ontological states was used.
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the apparatus and our human beings. A random phase approximation is needed because
the interactions involved in the macroscopic observation can not recover the full quantum
information, especially the phase information. As a result, only definite outcomes with the
corresponding probabilities can be acquired by us. This means that there is an intrinsical
limit for our human beings not to acquire the full (phase)quantum information, due to our
brain’s stable “almost” quotient space structure. This agrees with the reason for introduc-
ing decoherence, the inability to keep track of the large number of (independent) degrees
of freedom of the relevant environment.
6 Dynamical or Non-dynamical: Comparisons with
Einselection
It’s worth to make a comparison between our non-dynamical decoherence or random phase
approximation and the dynamical decoherence or the einselection scheme. The same point
is that both of them use the concept of decoherence, i.e. the observed system is open
to its surroundings. But the methods to induce a decoherence are different, dynamical
decay in Eq. (5) for the einselection scheme while a random phase approximation for
our approach. The condition for the dynamical decay in Eq. (5) seems to be more strict,
indicated by the orthogonality condition 〈E1|E2〉 ' 0 for environment’s states. This makes
the dynamical decoherence or einselection scheme concern mainly with some “local” details
of the coupled systems, such as the possible forms of the relevant interactions and states,
by proposing some particular models to describe the decoherence [1, 3, 5, 11, 12, 13].
While our approach provides a “global” view about some general properties of an arbitrary
open system, by forming an “almost” quotient Hilbert space according to some stability
conditions. When forming that “almost” quotient space, a lot of unitary symmetries are
broken so that the superposition principle is no longer proper generally. As a result, definite
measurement outcomes may be obtained via a further random phase approximation. A
detailed comparison is as follows:
(i) In the einselection scheme, when deriving the Born rule Eq. (3) a partial trace is
used. This seems to be a circular argument [1, 2] since the partial trace itself can also be
treated as one part of the Born rule. That is, a partial trace over the environment’s space
can be regarded to be another measurement on the environment. For this reason, Zurek
introduced the concept of envariance [1, 3, 14, 15], i.e. environment-assisted invariance
to give another derivation of the Born rule, but his method is not general enough to be
used wildly. In our approach, an effective quotient space in Eq. (24) is obtained after a
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random phase approximation. In that space, an integration over the random phases’ space
is performed to obtain the Born rule, as given by Eq. (26). This does not involve any
circular argument.
(ii) In the einselection scheme, the apparatus’s pointer states are selected or determined
by the form of the interaction between the apparatus and its environment. It seems that
the interaction with the environment plays a dominate role in the measurement process.
However, from Eq. (1) to Eq. (3) there is an implicit order that the interaction between the
system and the apparatus is first turned on. Although in the real case the two interactions
actually occur independently, the implicit order indicates that the interaction from the
environment is only a perturbation. In our approach, the apparatus’s pointer states are
determined mainly by the interaction between the system and the apparatus, but are
stabilized by some more stability conditions that may involve a possible added environment,
as shown in Sec. 5.1.
(iii) In the einselection scheme, the orthogonality condition 〈E1|E2〉 ' 0 or the deco-
herence function in Eq. (5) for the environment’s states are not satisfied generally, though
in some controlled model this condition may be achieved approximately by assuming the
thermal or random properties of the environment. In a more general case, the environment
is uncontrolled so that the orthogonality condition can not be proposed without any ques-
tion. In our approach, the random phase approximation is effective as long as the number
of the relevant environment’s (independent) degrees of freedom is large enough. When
the environment is also a simple quantum system or lives in lower temperature, random
phase approximation is no longer proper. In this case, no decoherence can occur except
that an extra observation is made by us, involving a macroscopic apparatus. Therefore,
in our approach, decoherence is only an approximative description, instead of a dynamical
process as in the einselection scheme or dynamical decoherence, see the discussions below
Eq. (17).
(iv) The einselection scheme doesn’t provide an effective description of macroscopic
systems. For example, for a macroscopic apparatus in a quantum measurement, all the
scheme says is that the apparatus decoheres in some basis due to interactions with its
environment. Even the dynamical decoherence function in Eq. (5) seems to depend on some
prerequisite classical properties of the macroscopic environment, violating the Everettian
picture [7]. In fact, to the observed system, the apparatus also serves as an environment
because of its large number of degrees of freedom. The pointer states stand for only a
very small portion of the apparatus, with the rest degrees of freedom unobserved. In our
approach, these unobserved degrees of freedom help to form the (“almost”) quotient space
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of the macroscopic apparatus, and also provide approximative random phases to lead to
the apparatus’s classical properties, as shown in Sec. 4.
7 Conclusions and Outlook
In this paper, we have shown that a quantum measurement is a complex “unitary” in-
teraction, with the complexities coming from the large number of independent degrees
of freedom of the macroscopic apparatus and a possible added environment. The clas-
sical properties of the macroscopic apparatus are mainly caused by its large number of
(unobserved) degrees of freedom, and can be described by the emergence of an “almost”
quotient Hilbert space phenomenally, determined by some necessary stability conditions.
After the measurement, the combined system-apparatus can still be described by another
“almost” quotient Hilbert space with some classical properties. Macroscopic observations
made by our human beings can not recover the full quantum information, especially the
phase information. A random phase approximation is thus needed to give only a coarse
grained description, inducing a non-dynamical decoherence. As a result, only the in-
formation stored in the remaining classical correlations among the observed system, the
apparatus and our human beings, can be acquired by us. This gives the definite measure-
ment outcomes with the corresponding probabilities. Quantum measurement problem is
resolved.
As shown in this paper, the concepts of “almost” quotient Hilbert space and equivalence
class are useful to describe the classical properties of macroscopic systems in a general way.
Whether they can be used to describe some particular systems in some more detailed way
will still need to be investigated. For example, in describing the gravity, whether those
concepts can be applied to explain why the gravitational field in our surrounding behaves
more classically, or why the gravity is so difficult to be quantized? According to the
previous analysis, there should be some stability condition so that the gravitational field
can decohere from the rest still quantized matter fields and obtain some classical properties.
What is that required stability condition is not known to us.
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